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We suggestto usesubharmonicstroboscopicsamplingto resolvehigh-orderbifurcationsin anumericalstudyof driven
nonlinearoscillators.A bifurcationsequenceup to the 1024thperiodhasbeenlocatedin theforcedBrusselatorby using
this method.

Period-doublingbifurcations,leadingto chaotic versa!propertiesin nonlinearmappings[5]. There-
motion,havebeenobservedin manynonlinearsys- fore, it is interestingto look at it with higherresolu-
tems,drivenby an externalperiodicforce [1—4].In tion.
contrastto nonlinearmappings,i.e. differenceequa- Fig. 1 showsthe processof identifyinga 512 T pe-
tions,wherebifurcationsof ratherhigh ordershave riod, whereT = 2ir/w. Fig. I a correspondsto theusu-
beenidentified with remarkableprecision [5—7],it a! stroboscopicportrait,i.e. samplingX and Yat in-
is muchmore difficult to resolvethemin systems tervalT. Fig. lb wassampledat interval8 Tandwe
describedby differentialequations.With a 8192 thusamplified one of the 8 islandsseenin fig. la.
pointsFFT (fast Fouriertransform),onecanhardly Furtherincreaseof the samplingperiodto 64 T gave
go beyondthe 64thsubharmonicwithout serious 8 distinct points.The systematicshift of samples
aliasing.The situationbecomesevenmoredifficult for eachpointwascausedby accumulationof trun-
whenonetries to distinguishchaoticbandsandpen- cationerrorsandcouldbe reducedby usingsmaller
odicitiesembeddedin them. integrationstepsandworking in doubleprecision.

We havebeenusinga simpleextensionof theusu- By combineduseof subharmonicstroboscopy
a! stroboscopicsamplingidea[8,9], i.e. to sample and FFT analysiswe havesuccessfullylocateda few
alsoat thesubharmonicfrequenciesinsteadof sam- ratherlongperiod-doublingsequencesin (1);an
pling at the fundamentalexternalfrequencyonly. estimateof theratio
As an illustration,we reporta few resultson the — X ~ 2
Brusselator[10] with periodicforceadded: ~n — (~n— ~‘n+1)”O’n+1 — n+2)

• whereA denotesw or c~dependingon whichof

X=A — (B + 1)X+X2Y+ d cos(wt), l\ c~andc~isusedas controlparameter,showsthat
Y=BX — x2y “ ‘ mostprobablythey areFeigenbaum[5] sequences.

In table 1, we give anexample.To havemorecom-
Thissystemhasbeenstudiedby TomitaandKai parabledatethe parametervaluesweretakento be

[1,9] buttheir work was completedbeforetheup- thesameasin ref. [9], i.e.A = 0.4,B 1.2 and~
surgeof papers,triggeredby the discoveryof uni- = 0.05.

Beinga kind of time seriessampling,subharmonic
stroboscopysuffersfrom the samedemeritsas FFT,
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t”~TP”’~ (c) Fig. 1. Resolutionof a512T period;(a)samplingatiT, (b)

~75582ggb .~756~165~ .~757~i0331 samplingat8T, (c) samplingat64T.

Table 1
A period-doublingbifurcationsequencein (1).

n Numberof periods Rangein w c..’n

1 1 0.39820 0.398205 5.53
2 2 0.39821 — 0.71305 0.7130625 4.24
3 4 0.713075 — 0.769996 0.7699998 4.02
4 8 0.77000 — 0.78337 0.783435 4.46
5 16 0.78350 — 0.786752 0.786776 4.41
6 32 0.78680 0.78752 0.787525 5.40
7 64 0.78753 — 0.78769 0.787695 4.04
8 128 0.78770 — 0.787726 0.787726 5 4.88
9 256 0.787727 — 0.787734 0.78773425

10 512 0.7877345—0.7877359 0.78773595
11 1024 0.787736

268



Volume 87A, number 6 PHYSICS LETTERS 18 January 1982

SUBHARMON[C STR080SCOPY SUBHARMONIC STROBOSCOPY
~bPHP~2500000000 NS~ I ALPHAZ .0500000000 NSr 8

— 0ME0ft~Z 7877390000 N8 I — 0MEGA~ .7877390000 NKr 7

4,
C”]

(C +

(C a:,

/ C’-;

(C

U-:,cC’ C’-)

* (C
C’ $

. 824b940~ .~458~045~ .~092~I50 (a) .3658~0g8b .~666~898~ .~674~699i ~

SUBHARMONICSTROBOSCOPY
AbPH~C .0500000000 NS~64

- 0MECA~ .7877390000 NF(r 7

C’—
LCD
CD

(C

+‘ *~ ~l-+

(C

~.

________________________________ Fig. 2. Resolution of a 128 T chaotic band; (a) samplingat

.j657~576~ ,~557~35~9~ .~657~6634 (C) iT, (b) samplingat8T,(c) samplingat 64T

rationalrelationto the periodT of externalforce boscopyis limited only by computertimewhile the
FFT encountersalso storagelimitations.

T~ (n/m)T (3) Tlus methodappearsto bevery usefulin studying
m beingincommensurablewith n (subharmonicen- the chaoticbandsin the inversebifurcationsequence.
trainment), the stroboscopic portrait at interval T Fig. 2a can hardly be distinguished from fig. 1 a, but
gives n points for anym ~ 1. If n =pq, one can sam- sampling at 64T, i.e. fig. 2c, shows a qualitatively dif-
ple at intervalpT or qTand increase the resolution ferentpictureascomparedwith fig. 1 c. This is a pe-
thereby,butmisuseof p, whichis nota factorof n, riod 128 chaoticbandin the inversesequencejust
will adda spuriousmultiplier p in thenumberof pe- beyondthe accumulationpoint of the directse-
nds. To be safe,oneshouldalwaysgo from low quenceshownin table 1.
ordersubharmonicsto higheronesandcomparethe Usingsubharmonicstroboscopic,sampling,supple-
resultswith FFT analysis.Fromthe practicalpoint mentedby extensivepowerspectraanalysis,we have
of view the resolutionpowerof subharmonicstro- studiedthestructureof chaoticbandsandthe sys-
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