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1. INTRODUCTION
Properties of complex networks are of current interest to the
statistical physics community. This trend is concomitant with
recent developments in the social and biological sciences which
study a variety of networks such as the Internet and World Wide
Web or protein-protein interaction and gene regulation networks
[1-3]. The simplest way to characterize and classify these dif-
ferent networks is in terms of their topology and connectivity.
The graph of such a network consists of a certain number of
vertices which are connected by edges. Each vertex has a cer-
tain degree which counts the number of edges connected to that
vertex. The whole network can be characterized by its degree
distribution P(k) which corresponds to the fraction of vertices
with degree k. A remarkable empirical finding is that, most of
the examined real-world complex networks have the so-called
scale-free property, i.e., their degree distributions decay as
P(k) ~ k-     for some intermediate range of k  values [4].

    The overall topology and local structure of a complex net-
work influence the effciency, robustness, sensitivity, and other
aspects of a dynamic process occurring on top of such a
network. To characterize this influence, it is helpful to investi-
gate simplified (idealized) dynamic processes on certain types

of network architectures [5]. By performing such an analysis,
we could identify network structural aspects that are impor-
tant for certain types of dynamic processes, and the theoreti-
cal predictions can be compared with empirical observations.

    This paper study the influence of scale-free random net-
works on the effciency of local majority-rule dynamic
processes. We focus on scale-free networks because they are
abundant in real-world complex systems. We choose the local
majority-rule dynamics as our model dynamic process because
it is simple and it is frequently encountered in real-world
situations, and also because it can be readily extended to a
larger class of more complicated dynamic processes.

    We perform mean-field analytical calculations and exten-
sive numerical simulations on such a model system. Our mean-
field analytical calculations predict that, when the power-law
scaling exponent      of the substrate network changes from    >
5/2 to      < 5/2, a qualitative improvement in the effciency of
the dynamic process can  be achieved, namely the typical
relaxation time changes from being proportional to ln(N) to
being independent of N, where N is the total number of verti-
ces in the network. Local majority-rule dynamics simulations
on random scale-free networks with or without self-connec-
tions and multiple edges confirm our mean-field prediction to
a large extent. The same qualitative conclusion is also pre-
dicted to be valid for a larger class of majority-rule-like dy-
namic processes. It is of interest to notice that a major-
ity of known empirical scale-free networks have their de-
cay exponent satisfying 2 <     < 5/2 [1, 6].

Dynamic processes occurring on a network may be greatly influenced by the
particular structure and topology of the network. In this paper, local majority-
rule dynamics is studied on random scale-free networks. Our mean-field ana-
lytical calculations predict that, when the network’s power-law scaling ex-
ponent    changes from    > 5/2 to    < 5/2, a qualitative improvement in the
effciency of the dynamic process can be achieved, namely the typical relax-
ation time changes from being proportional to ln(N) to being independent of
N, where N is the network size. This mean-field prediction is confirmed by
extensive numerical simulations.
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2. THE MODEL
2.1.  Scale-Free Degree Sequence
We consider a network of vertices and edges that linking pairs
of vertices. There are N vertices in the network. Each vertex i
(i = 1, 2, . . . , N) is connected to the other part of the network
by a number ki  ≥ k0  of edges, where k0  is a pre-given integer
parameter, the vertex degree lower cut-off. The degree of ver-
tex  i, ki , is a random variable; it is generated by the following
power-law vertex degree distribution

(1)

The normalization constant                       The parameter kmax
is the vertex degree upper-cutoff [7]

(2)

In the limit of large kmax, the degree distribution Eq. (1) is
normalizable for      > 1.

    The mean vertex degree of the generated degree sequence
is

(3)

The mean vertex degree hki attains a finite limit for large kmax
provided     > 2. It behaves as hki ≈ k0     for large positive     ,
corresponding to a random network with uniform vertex de-
gree k = k0. On the other hand, in the special case of      = 2,
the mean vertex degree hki diverges as ln k 

m    ax
 for large

maximal vertex degree kmax. Therefore, to ensure that the
total number of edges in the network is proportional to the
total number of vertices N, the scale-free decay exponent should
be in the range of     > 2.

2.2.  Multi-Networks and Simple-Networks
After the degree sequence {k1, k2, . . . , kN} is generated, we
attach to each vertex i a number ki  of half-edges. Then we
repeatedly ligate two remaining half-edges into an edge of the
network, until all the half-edges are used out. After an initial
network with the specified degree sequence is created by this
way, it is then further randomized by performing a number of
edge switch trials [8]. There are two different ways to imple-
ment the ligation process and the subsequent switch process:
A: During network initialization and switch processes, self-

connections and multiple edges between the same pair of
vertices are allowed.

B: During network initialization and switch processes, special
care is taken to ensure that no self-connections and mul-
tiple edges appear in the network.

In later discussions, we refer a random network generated by
rule A as a ‘multi-network’ and that generated by rule B as a
‘simple-network.’

    In a multi-network, there is no vertex degree correlations.
Following a randomly chosen edge of a vertex with degree k,
one will arrive at a vertex with degree k•. In an uncorrelated
random network, the conditional probability              is inde-
pendent of the original vertex degree k , i.e.,

(4)

    During the generation of a simple-network, the prohibition
of self-connections and multiple edges leads to correlations in
the vertex degrees of nearest neighboring vertices. Such corre-
lations become significant for scale-free networks with   < 3
[9, 10]. For scale-free random simple-graphs with     < 3, there-
fore Eq. (4) is not valid. In such networks, the mean vertex
degree of a nearest neighbor, hkinn = Pk°¨ k•P(k•|k),    is a
decreasing function of vertex degree k .

2.3.  Local Majority-Rule Dynamics
At time t = 0, a binary spin value i(0) • {-1,+1}         is assigned
to each vertex i of the network. The spin pattern {          } on the
network then evolves as time t increases. A field hi(t ) is de-
fined for each vertex i at time t, with

(5)

where  N(i)  denotes the set of nearest neighbors of vertex i.

    In the parallel version of the local majority-rule dynamics,
at each evolution step, the time t is increased by t  = 1, and
the spin values of every vertex of the network are updated
simultaneously according to

(6)

In the special case hi(t)  = 0, we choose i(t + t) = +1        or
—1 with equal probability in Eq. (6). In the random sequential
version of the local majority-rule dynamics, at each evolution
step, the time t is increased by t =1/N, and the spin value of
a randomly chosen vertex is updated, while all the other spin
values remain constant.

    The evolution of the spin system can be characterized by
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two global quantities, the overlap (t)  and the reweighted
overlap Q(t), ,  with

(7)

and

(8)

where E = (1/2)PNi=1 ki   is the total number of edges in the
network. The order parameter (t)  as defined by Eq. (7) mea-
sures the overlap of the spin pattern { i(t)}  with the completely
ordered all-spin-up pattern. If (t) = ±1, then the system has
achieved complete order; on the other hand, if (t)  = 0, the
system’s spin state is in maximal disorder. The other order pa-
rameter also lies in the range of Q(t)  ∈ [—1, 1]. The physical
meaning of Q(t)  depends on whether the underlying network is
uncorrelated or correlated. If the connection pattern of the net-
work is uncorrelated (e.g., a network generated by rule A of
Sec. 2.2.), then Q(t)   is the probability that a randomly chosen
nearest neighbor of a vertex is in the spin-up state at time  t.

3. MEAN-FIELD ANALYSIS ON UNCORRELATED
    RANDOM NETWORKS
The Ising–like system described in Sec. 2.3. exhibits two com-
pletely ordered spin patterns consisting of all spins up or all
spins down, respectively. Starting from a random initial pattern,
the system will evolve to one of these two completely ordered
patterns.

    In order to study this evolution dynamics in more detail, we
consider the probabilities qk(t) that a vertex with degree  k is
in the spin-up state at time   . In a local majority-rule dynamics,
we also need to know the probability a randomly chosen near-
est-neighbor of a vertex to be in the spin-up state at time t. In an
uncorrelated random network, the probability that a nearest
neighbor of a vertex to have degree k• is equal to k•P(k•)/hki
according to Eq. (4), where hki is the mean vertex degree of
the network as defined by Eq. (3). Consequently, the probabil-
ity that this nearest neighboring vertex to be in the spin-up state
at time t   is equal to Q(t )  as defined in Eq. (8), i.e.,  Q(t) =
Pqk(t)kP(k)/hki.

    In the parallel version of the local majority-rule dynamics,
we can write down the following iteration equation for  qk(t) :

(9)

where the prime at the summation symbol indicates that this
sum runs over all integer m   with k/2 ≤                  is the
Kronecker symbol, and  B(k,m) • k!/[m!(k -m)!]      is the bino-
mial coefficient. Inserting Eq. (9) into the expression for Q(t),
we obtain an evolution equation for the order parameter

(10)

where the evolution function �(Q)   reads

(11)

    The evolution equation (11) has two stable fixed points at
Q = 0 and Q = 1, and an unstable one at Q = 1/2. The fixed
points with Q = 0 and Q = 1 correspond to the all-spin-down
and all-spin-up pattern, respectively. The unstable fixed point
with Q = 1/2 represents the phase boundary between these
two ordered patterns.

    Spin states with Q = 1/2 and �= 0 are maximally disordered.
As Q = 1/2 represents an unstable fixed point of our dynamic
system, a natural question to ask is the typical time scale needed
for the system to escape from Q  = 1/2. Fig. 1 demonstrates

Fig. 1: Distribution of decay times for parallel local majority-
rule dynamics on an uncorrelated random network. The
decay time is measured in units of iteration steps. The data
sets are obtained for three different uncorrelated random
multi-networks: (i) scale-free with    = 2.25 and k0 = 5
(circles), (ii) scale-free with    = 3 and k 0 = 10  (squares),
(iii) Poissonian with  i   = 20     ki     ke-!,               dia-

           monds). All three networks have the same vertex num-
ber N = 218 and almost the same mean vertex degree.
For each data set, 2,000 individual trajectories with the
initial condition of Q = 1/2 are simulated. The insert
shows the form of the evolution function �(Q).
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the histogram of decay times td   needed for the system to evolve
from Q(t0) = 1/2 at time t0 to�0 + t         —1/2� > 1/4 at time
            . Fig. 2 demonstrates the mean value of Q(t)  as a func-
tion of time  t  for the same three different random networks. As
the power-law decay exponent       becomes smaller, the system
approaches the completely ordered patterns more quickly.

    To understand this difference in decay times, we now estimate
the mean decay time according to a mean-field theory. For this
purpose, we define another order parameter y as y = Q—1/2.
The order parameter y vanishes for all the boundary patterns.
In the vicinity of y = 0, the evolution of y is governed by the
following linearized evolution equation

(12)

where •(1/2) • d /dQ|Q=    1/2/has the following scaling
form [5]

Iterating Eq. (12) n times from an initial time t0 up to a final
time t1, one obtains the time difference

(14)

in the limit of small y(t0) .

    Now consider an initial state of the network at time t = t0
that corresponds to a strongly disordered pattern with order
parameter          = ±1/(2E)~1/N. We characterize the decay of
this strongly disordered patterns by the decay time td, which
is the time it takes to reach a pattern with an order parameter
y

*
 that satisfies |y

*
| ≥ 1/4. According to Eq. (14) and Eq. (13),

we obtain the following scaling form of td with network size
N:

(15)

in the limit of large network size N. Equation (15) predicts
that, for uncorrelated random scale-free networks with decay
exponent        (2, 2.5), strongly disordered patterns always
escape from the unstable fixed point in finite iteration steps
even in the limit of large N. In contrast, for networks with    >
2.5, the escape time diverges as ln(N). This later behavior also
applies to Poisson networks and other types of networks with
singlepeaked vertex degree distributions. The ln(N) scaling in
response times was predicted for opinion spreading on social
networks [11, 12], it was also observed in simulations of in-
formation spreading on small-world networks [13].

    Similar mean-field analysis can be performed for the ran-
dom sequential version of the local majority-rule dynamics.
In this situation, a transition in dynamic behavior at     = 5/2 is
also predicted for random uncorrelated scale-free networks.
We will check our mean-field predictions in Sec. 4.

3.1.  Selective Spin Flips
Now, let us look at a different aspect of the local majority-rule
dynamics. We start from the all-spin-down pattern and ask how
many spins we have to flip in order to reach the all-spin-up
pattern. If we flipped the spins on a randomly chosen set of
vertices, we would have to flip, in general, of the order of N/2
spins. However, we can induce such a global transition in a
much more efficient way if we flip primarily those spins which
are located on the highly connected vertices. As explained in
Sec. 3., the spin patterns on a scale-free network can be char-
acterized by probabilities qk  that a vertex of degree k  is in the
spin-up state. The boundary patterns between the two com-
pletely ordered spin patterns is determined by Q = 1/2. To transit
from the all-spin-down pattern to the all-spin-up pattern,
therefore, a fraction of vertices should be flipped such that the
initial value of  Q is larger than 1/2.

    We want to determine the minimal number of spins,
00000that we have to flip in order to reach a spin pattern which

Fig. 2: Evolution of the order parameter Q(t) for parallel lo-
cal majority-rule dynamics on an uncorrelated random
multinetwork. The three data sets correspond to the
three different networks of Fig. 1. The vertical axis is
|Q(t)— 1/2|.

 ∈
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is just ‘beyond’ a boundary pattern and, thus, evolves towards
the all-spin-up state under the majority rule dynamics. It will
be most effective to flip the spins located on the vertices with
the highest vertex degrees until one reaches a pattern with Q ≥
1/2. For random uncorrelated scale-free networks, we can ob-
tain the following estimation for           [5]

(16)

in the limit of large N. The mean-field prediction was con-
firmed by numerical simulations (see Fig. 3). This sensitivity
of ordered spin patterns to selective spin flips was also ob-
served in Ref. [14].

    Thus, a scale–free network with a decay exponent      which
is close to      = 2 has the additional property that one needs to
selectively flip only a very small fraction of the spins in order
to induce a transition from one ordered pattern to the other.
This property provides a very effcient way for the system to
adapt its state in response to varying external conditions.

4. SIMULATION RESULTS
As a complementary approach to our mean-field analysis in
Sec. 3., we have also investigated by simulation the efficiency
of local majority-rule dynamics on random scale-free networks.
Part of our simulation results are reported in this section. Two
versions of the local majority-rule dynamics are implemented,
namely parallel updating as well as random sequential updat-
ing of spin states. Furthermore, two types of random scale-
free networks are considered, i.e., multi-networks and simple-
networks.

Fig. 3: Minimal fraction min    of spin flips needed to drive the
system from the all-spin-down state to the all-spin-up
state. Filled symbols were obtained through exact
enumerations, and open symbols are the analytical
mean-field estimates [5].

    Self-connections and multiple edges between the same pair
of vertices are allowed in a random multi-network as gener-
ated according to rule A of Sec. 2.2. The connection pattern of
the network is free of any correlation. For the parallel local
majority-rule dynamics, Fig. 4 demonstrates the scaling of the
most probable decay time needed for the the system to go from
|Q(0)—1/2| = 1/(2E) to |Q(t)—1/2| ≥ 1/4, for three sets of ran-
dom scale-free multi-networks. When     = 3.0, the typical
decay time indeed scales logarithmically with network size N.
On the other hand, when     = 2.25, the typical decay time is
insensitive with N. In Fig. 4 the mean decay times as esti-
mated by our mean-field theory for the same sets of random
networks are also shown. When the network is sufficiently
large, e.g., N ≥ 217, the mean-field and simulation results ap-
proach to each other also quantitatively.

    It is also of interest to study the dynamic properties of ran-
dom simple-networks, in which self-connections and multiple
edges are prohibited. Prohibition of self-connections and mul-
tiple edges results in non-trivial vertex degree correlations.
Many real-world complex networks are free of self-connec-
tions and multiple edges. A set of scale-free random simple
networks are generated using the rule B as mentioned in Sec.
2.2. Then local majority-rule dynamics simulations are per-
formed on these networks.

    For the random sequential version of the dynamics, Fig. 5
reports the median decay time needed for the system to achieve
|Q(t)—Q (0)| ≥ 1/4 from the initial condition of Q (0) = 1/2

Fig. 4: The relation between the most probable decay time
and the multi-network size N for parallel local major-
ity-rule dynamics. Each data point is obtained by per-
forming simulations on 100 random multi-networks.
Filled symbols correspond to simulation results and
open symbols are mean-field estimates. The networks
are scale-free with     = 2.25 and k 0 = 5 (circles),    =
2.5 and k0  = 7 (squares), and    = 3.0 and k

0
 = 10

(diamonds).
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and �(0) = 0. For random scale-free simple-networks, when
the scaling exponent     > 5/2, the median decay times td in-
creases with network size N with td ~ (ln N)£\, where the expo-
nent  appears to be slightly larger than 1. When       is much
smaller than 5/2, for example,     = 2.25, the median decay
times are insensitive to the network size N and indeed even
decrease slowly with N. This behavior is also comparable to
what was observed for random multi-networks. When       is
smaller than but close to 5/2 (for example,     = 2.4), Fig. 5
demonstrate that, the median decay times first increase slowly
with network size N (probably due to finite-size effects) and
then saturate as N further increases. Therefore for random
simple-networks, it is safe to say that the median decay time
is asymptotically independent of network size N as long as the
power-law scaling exponent      < 5/2.

5. EXTENSION TO DIRECTED NETWORKS
In many real-world networks, the interactions between the ver-
tices are asymmetric and the links or edges are directed which
implies that these networks are characerized, in general, by
different in-degree and out-degree distributions. In a gene regu-
lation network, for example, the product of gene A may regu-
late the expression of gene B, but the product of gene B may
not regulate the expression of gene A. It is not difficult to ex-
tend the local majority-rule dynamics as defined by Eq. (6) to
directed networks by using an asymmetric adjacency matrix.
As explained in this section, we find that      = 5/2 again pro-
vides a sharp boundary for the pattern evolution provided (i)
the in-degree and the out-degree distributions are both scale-
free and (ii) the in-degree and the out-degree of a vertex are
positively correlated.

    In order to extend the local majority-rule dynamics to di-
rected networks, we introduce the asymmetric adjacency ma-
trix D with matrix elements Dij = 1 if the vertices i and j are

Fig. 5: The relation between the median decay time and the
simple-network size for random sequential local ma-
jority-rule dynamics. Each data point is obtained by
performing simulations on 100 random simple-networks.

nearest neighbors and the directed edge between them points
towards vertex i. The local majority-rule dynamics is then gov-
erned by the local fields hi(t) =             Pj Dij j(t.Now, con-
sider the probability Qup(t)   that a randomly chosen upstream
nearest-neighbor is in the spin-up state at time t . For a random
network without correlations between the degrees of different
vertices, we obtain the relation

(17)

where Pout(kout)  is the vertex out-degree distribution, hkiout

is the mean vertex outdegree, and q(kout, t) is the probability
that a vertex of outdegree  kout has its spin pointing up at time
t . The probability Qup(      tis again governed by an evolution
equation of the form Qup(t +1) =        up       up                         in the case of
parallel updating. The explicit form of the evolution function
up(Qup)     can be obtained by the same analytical procedure
used to derive Eq. (11) for non-directed networks. If both
the minimal in-degree and the minimal out-degree are taken
to be larger than zero, one has  (0) = 0,         (1) = 1, and
       (1/2) = 1/2, and the evolution equation for Qup(t)  has
again three fixed points, two stable ones at Qup = 0 and Qup =
1, and an unstable one at Qup = 1/2. The slope of the evolu-
tion function                  at the unstable fixed point scales as

(18)

where P(kin|kout) is the conditional probability that the in-
degree of a randomly chosen vertex is kin provided its out-
degree is kout. As a first example, consider a network for which
(i) the out-degree distribution is Poissonian, i.e.,

(19)

(ii) the in-degree distribution is scale-free, i.e.,

(20)

and (iii) there is no correlation between the in-degree and out-
degree of a vertex, i.e.,

(21)

For such a directed network, the relation Eq. (18) implies that
•up (1/2) is of order unity for     > 3/2 in the limit of large
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network size N but diverges with N if      < 3/2. This distinction
is consistent with the recent study in Ref. [15].

    The form as given by Eq. (18) implies that the response
behavior of the directed network is fast provided (i) the in-
degree and out-degree distributions are both scale-free, and
(ii) the in- and out-degrees of the same vertices are positively
correlated. As a second example, consider networks for which
both the in-degree and the out-degree distribution are scale-
free and the conditional probability behaves as

(22)

For     ≤ 5/2, this leads again to a divergence of         (1/2) in the
limit of large network size N. On the other hand, if the in- and
out-degrees are uncorrelated, the quantity        (1/2) will re-
main finite in the large N limit as long as      > 2. Therefore, a
directed network can respond rapidly if it exhibits positive
correlations between the in-degree and the out-degree in addi-
tion to its scale-free degree distributions.

6. CONCLUSION AND DISCUSSION
We have studied the relaxation behavior of local majority-rule
dynamics on scale-free random networks with or without self-
connections and multiple edges. The initial spin states are cho-
sen maximally disordered in terms of the order parameters �
and Q  as defined in Eq. (7) and Eq. (8), respectively. Accord-
ing to our mean-field theory, if the local majority-rule dynam-
ics is running on top of a scale-free random network with
power-law exponent     < 5/2, it will be able to escape away
from the strongly disordered spin state regime in finite time;
on the other hand, if the exponent      > 5/2, the typical relax-
ation time diverges with system size N logarithmically. Our
numerical simulations indeed have demonstrated such a quali-
tative improvement in relaxation performance for scale-free
random networks of      < 5/2.

    Starting from an initial maximal disordered spin pattern,
the local majority-rule dynamics can be divided into two stages.
The first stage is the escaping away from the region of strongly
disordered patterns, and the second stage is the converging to
one of the two completely ordered patterns. Running on top of
a random network, there is always a small non-zero probabil-
ity for local majority-rule dynamics to fail to achieve com-
plete order [16]. The major reason for this failure is the exist-
ence of small network components of particularly ‘balanced’
shapes [17, 18]. The occurring probability of such balanced
shapes should decrease as the mean vertex degree hki and the
minimal vertex degree k0 of the scale-free network become
large. The local majority-rule dynamics may also be trapped
in metastable states with many domain boundaries and blinkers,
as demonstrated by recent work on d-dimensional regular lat-
tices [19] and tree-like networks [20]. However, we do not

expect phase separation to appear on random scale-free
networks. Our simulation revealed that, even when the dy-
namics fail to achieve complete order after a number of evo-
lution steps, the great majority of the spin values are already
aligned (see Fig. 2).

    Our mean-field analysis can also be applied to other more
complicated dynamical models. One such extension is the fi-
nite-connectivity Hopfield neural network model [21] with p
randomly stored patterns on a scale-free random network. A
qualitative improvement in the storage capacity of such a model
was also predicted for scale-free networks with      < 5/2 [5]. It
is interesting to notice that, according to a recent experimen-
tal study [22, 23], the functional networks of the human brain
are scale-free with a scaling exponent  •     2.1.

    Another extension is to consider Potts-like spin systems.
These dynamic systems exhibit more than two ordered pat-
terns and may evolve towards any of those patterns when they
start from an initial pattern at the phase boundary. For these
Potts-like systems, we find the same distinction between the
relaxation behavior for scale-free networks with     < 5/2  and
   > 5/2 as in the case of Ising-like systems studied here. We
can also introduce a finite temperature into the dynamic system.
Furthermore, we may also consider the following hybrid dy-
namics of local majority-rule and random Boolean rule: a frac-
tion p of the vertices choose the local majority-rule updating,
while the remain fraction of vertices use the random Kauffman
rule [24, 25] of gene regulation. As long as p > 0, the relax-
ation behavior of this more general class of models shows the
same qualitative change at    = 5/2.

    The networks in this article are all generated by computer
programs. It would be of interest to examine empirical major-
ity-rule dynamics systems and investigate the structural orga-
nization and structural evolution in such empirical networks.
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